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This article shows how to derive the field equations for three new kinds of gravitons.

Starting

from the Einstein equation Gag = (87K /c*)Tag, an outline of the derivation is: first, find and prove
that the highest-order independent pure time derivatives of g, that appear in the Einstein tensor
Gap are the 10 partial derivatives 9o goo, 9o g10, 90 920, O g3o, 830 gii, 830 g22, 830 g33, 830 go1, 330 g31,

and 8020932.
Einstein equation for those derivatives.

Second, prove that the Einstein tensor is linear in those derivatives. Third, solve the
Finally, set the coordinate system to absolute space and

time, which converts the partial derivatives into total derivatives, yielding the field equations for a
scalar, a vector, and a matrix graviton. These new gravitons are important because they may be
able to explain phenomena ranging from two-slit diffraction, to parity violation, to the Heisenberg
uncertainty principle, to dark energy, to dark matter, and to the periodic table of the particles.

Introduction. This article shows how to derive the field
equations for three new kinds of gravitons. These new
gravitons are important because they may be able to
explain phenomena ranging from two-slit diffraction, to
parity violation, to the Heisenberg uncertainty principle,
to dark energy, to dark matter, and to the periodic table
of the particles[1].

The main result of this article is the set of ordinary
differential field equations for the new scalar, vector, and
matrix gravitons:

dg dw d2s

—5 = i, g = Wi, ——3 = S, 1

da® ~ 7 a0 d(z0)2 (1)
where ¥ = ct; g;, wi, and S; are the mass/interaction

terms; and the fields g, w, and S correspond to blocks of
the symmetric metric tensor g,
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The equations for g and w go as d/dt, so they are diffusive
or Schrédinger-like. The equation for S goes as d?/dt?,
so it is wavelike or Klein-Gordon-like.

A Maxima file is available to check the derivation[2].
The derivation starts from the Einstein equation[3]:

Gap = (87K /") Tas. (3)

Guv =

Outline of the eight steps in the derivation.

e (Steps 1-2) Find and prove that the highest-order
independent pure (HIP) time (i.e. 2°) derivatives
of g, that appear in the Einstein tensor G.g are
the 10 partial derivatives

Oogoo, 9ogio, Oog20, Oogso, 5309117 4)
5309227 5309337 5809217 3309317 330932~

* daveparker@pgu.org

e (Step 3) Prove that the Einstein tensor is linear in
those derivatives.

e (Steps 4-7) Solve the Einstein equation for those
derivatives.

e (Step 8) Set the coordinate system to absolute
space and time, which converts the partial deriva-
tives into total derivatives, yielding the graviton
field equations (1).

Step 1: separate 15t and 279 derivatives. To prove
later theorems by inspection instead of by index gym-
nastics, transform the Einstein tensor G5 to remove the
derivatives of the inverse metric ¢g*¥, and to separate the
15t and 274 derivatives of g,,. The Einstein tensor in
terms of the Ricci tensor R, and Ricci scalar R is

Gag = Rag — %gagR. (5)
Expand the Ricci scalar R = g"" R,
Gap = Rap — 5 Japg"" Ryuv- (6)

The Ricci tensor in terms of Christoffel symbols of the
27d kind T o 18

Rop = 0,10, — 0570, + 0,07, —T0.T7 . (7)

ry 5 and its derivative with respect to x in terms of the
inverse metric g*¥ and Christoffel symbols of the 15 kind

[a8, 9], are
7, =9"°aB, 0], (8)
Dy r”ﬁ =9" 0, [, 8] + (05 97°) [, d]. (9)

(17), change

To make it easier to later simplify (15) to
f (9) from § to e:

the dummy index in the second term o

+(0:97) [aB, €. (10)

The derivative of the inverse metric d,¢”¢ in terms of
derivatives of the metric is[4]

_976genang5n~ (11)

0,175 = g7°0, [aB, 4]

9o =



Plug (11) into (10) to eliminate the derivatives of the
inverse metric:

0:T05 = 9" 0c (0B, 0] = 979" (9 g5y) [0, (12)
[af, 6] and its derivative with respect to z7 are

[aB, 0] =

1 (989as + 0agss — O59ap) , (13)
0o [aﬁaé] :%

(‘9?75 as + 030955 — 025 gaﬂ) : (14)

Plug (12) and (8) into (7), picking the dummy indices
judiciously:
Rap = (97°0y [, 6] — g7° g (D5 9sn) [aB, €])
— (970810, 6] — 97°9" (9p gsy) [y, €])
+ 9B, g™’ [y, 8] — gy, lg"’[Bn, 8] (15)
= 9" (0y[aB, 6] — Ds[a, d])
+97°g([oy, €] (—[Bn, 6] + Dp gsy)

— [aB, el (=[yn, 6] + D gsn) ) (16)
=" (0y[aB, 6] — Is[a, d])
+ 979" ([ary, €] [B8,m] — [aB, ] [¥6,m]) - (17)
Let:
Qap(ve) = 97° (050, 0] — Ds[ay,6]) (18)

Paﬁ(’yéen) = gvégen ([OZ’% d [ﬂéa 77} - [O‘Ba 6] [’767 77]) . (19)

In the subscripts of Q,5(,s) and Pag(ysen), the dummy in-
dices are inside the parentheses. The free indices precede
the parenthesis. Qag(,5) contains only 2°¢ derivatives,
and P,g(ysen) contains only 1% derivatives. Plug (18)
and (19) into (17) to explicitly separate the 15* and 274
derivatives in Rqg:

Rap = Qap(rs) + Pap(réen)- (20)

Plug (20) into (6) to explicitly separate the 15¢ and 2"¢
derivatives in Gag:

Gap = Qap(rs) — 3 989" Quuu(9)
+ Pap(ysen) — %QGBQWPW(V&W)' (21)

Step 2: find and prove HIP time derivatives. To
find the HIP time derivatives of g, in Gop (4) using (21),
divide each of the ranges 0 < «, 3,7,9d,¢,n7 < 3 into two
subranges: 0 and 1 < ,7,k,l,m,n < 3. Dividing each
range into two subranges expands Qug(ys) into 24 =16
terms, and expands P,g(yse;) into 2° = 64 terms. The
expanded terms of Qup(ys) and Pag(ysen) are tabulated
in Appendix I and Appendix II.

Theorem 1: The HIP time derivatives of g,, in Gap
are (4).

Proof: By inspection, Qo(x) (for example) contains
the 24 derivatives 92y gr = £, but no term of Qup(ys)

2

contains any of the 2"d derivatives 02, guo = 6‘8 . There-
fore, the HIP time derivatives of g,0 are 9y guo = 4° be-
cause, for example, Pyo(xioo) contains dpgoo = 90 and

Poo(kimoy contains o gmo = §°. QED

Step 3: prove linearity.

Theorem 2: G, is linear in the HIP time derivatives
(4).

Proof: By inspection, G (21) is linear in Qup(ys),
and all of the terms of Q,p(,s) are linear in all of the ond
derivatives, so Gg is linear in all of the 2"¢ derivatives
in (4). Also by inspection, Gyop (21) is linear in P, g(yser),
and in all of the terms of P,g(ysey) there is no case where
a derivative dy g0 = § 0 multiplies a derivative 9y g,0 = §°
for p,v = 0,4,4,k,1,m,n, so Gop is linear in all of the
15t derivatives in (4). QED

Step 4: compress notation. Compress notation by
subsuming the constant in the Einstein equation (3) into
a scaled EMS tensor Ugg:

Uap = (87K /c*)Top. (22)

The initial Einstein equation (3) becomes the scaled Ein-
stein equation:

Gop = Unp. (23)

Step 5: pack into 10-vectors. Pack the HIP time
derivatives (4), and the corresponding elements of G,g
(21) and U,p (22), into 10-vectors d, g, and u:

dogso Tgogit (24)

d=1[ 900 Gogo Gogoo
RBoge2 9ogss 03ogar 03ogst 93ngs2],
g=[ Goo G Gz Gz Gu (25)
G Gz Ga G Gy |,
u=[ Uy Uw U U Un (26)
Usa Uss  Un U U |'.

Step 6: solve the Einstein equation. In 10-vector
form, the scaled Einstein equation (23) becomes the vec-
tor Einstein equation:

g=u. (27)

From Step 3, g is linear in d. u will be discussed in
more detail in other work to appear, but to maximize the
generality of this derivation, allow that u is also linear
in d and has the same HIP time derivatives. From the
linearity of g and u in d, we can write g and u as

g = Md + m, (28)
u=Nd+n, (29)

where M and N are 10 x 10 matrices, and m and n are
10-vectors. Plug (28) and (29) into (27):

Md +m = Nd + n. (30)



Solve for d:
d=M-N)"(n-—m). (31)

Let i be the 10-vector of mass/interaction terms from
(31):

i=(M-N)"'(n—m). (32)
The solved Einstein equation (31) becomes
d=i. (33)

Step 7: unpack 10-vectors. Unpack the 10-vectors d
(24) and i (32) into symmetric 4 x 4 matrices D and I,
then rename the elements to put them into block matrix
form:

[Oogoo Oogio Gog20 Oogso
D= o 910 630911 330921 880931
Dog20 039921 030922 030932
_50930 630931 330932 330933
[ Oog  Oowr Oowz Oows
_ 801111 830511 830521 630531
60102 880521 830322 830532
_501113 830331 8305’32 8305'33
_ 80g 80WT (34)
80w 8308 ’
[ip iy ip i3 gi wi w2, ws
I= iy iy d5 g _ wi; Sll; 521; 531;
ip is i7 ig way, So1; Saa; O3
Liz ig ig ig ws, S31;, S32; 33
T
_ |9 W
[ ) @

The solved Einstein equation (33) becomes

D=1 (36)

Equate corresponding blocks in D (34) and I (35) to get
the unpacked Einstein equations:

dg=gi, Oow=wi; 0J5S=S5. (37)
The unpacked Einstein equations (37) are mathemati-
cally the same as the initial Einstein equation (3), but in
a different form.

Step 8: absolute space and time. Convert the partial
derivatives in (37) (and the partial derivatives implicit in
gi, Wi, and S;) into total derivatives. To do that, set the
coordinate system to absolute space and time:

0 = [et,x,y, 2]T. (38)

In absolute space and time the coordinates do not vary
with respect to each other:

dz” |1, ify =9,
dzd )0, ify#06.

15¢ partial derivatives become 15¢ total derivatives. To
see this, use the formula for total derivatives:

(39)

dguw _ 09uy da®  0gw da'  dgu, dz® g, da®
dze 920 dze Ozt dz> 022 dze  Ox3 dzo
Gy
= . 40
Do (40)
Similarly for 2" derivatives:
g d dgw _ d Ogu
dzfdze  dzf dz>  dzP Oz
_ Py da® gy, dat
T 9299z dzf | 9zloz dxb
0?9y da® = 0%gu, da®
0220z dzP = Ox30x« dxP
O Gy
= —_— 41
OxPOxe (41)

In absolute space and time, the unpacked Einstein equa-
tions (37) become the ordinary differential field equations
for the three new gravitons (1):

dg _ o dw d’s
a0~ dz0 7V d(29)2
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Appendix I: terms in the expansion of Q,3(+s)

Compressed notation:

o _ 8,Yéga,3 = a{i 95‘55 for general relativity, 1)

" A259ap = diwggip for the new gravitons.
Qo0(00) = Qoo(ory = Qoo(koy = 0, (44)
Qooky = 3 9" (6 — 0 — 66+ 61): (45)
Qoj(00) = 0, (46)
Qojon = 390 — 3 — &5+ 9, (47)
Qojkoy = 0, (48)
Qojiky = 5 98 (s, — 11 — &5 + 50, (49)
Qio(00) = Qiocory = 0, (50)
Qiokoy = 5 9" (% — 0k — 60 +66), (51)
Qiotkny = 5 9F (1 — 19 — L+ 18, (52)
Qijoo) = 3 9”@ — Bjo - QO +8) (53)
Qijon = 39°0 — 6 — 0 +19), (54)
Qijoy = 3 9% (8 — ok = +5) (55)
Qi = 39"~ 3 ’“ +3)- (56)

Appendix II: terms in the expansion of P,z(sep)

Compressed notation:

s {&,gag = ag”j, for general relativity,

dygap = dg”j , for the new gravitons.

Foo(0000) =Fo0(000n) =F00(00m0) =0, (58)
Poo(00mn)=Poo(0100)=Fo0(010n) =0, (59)
POO(OZmO):POO(Olmn):POO(kOOO):O7 (60)
Poo(koon)= 4 gm0 (0 (2509000 (6470 —k0)), (61)
Pookomn =1 9*°9™ (G046 =m0 = (250 =0)°),  (62)
Poo(komn)=0, (63)

(64)

(65)

(0000 00(k0+l0 k:l))

Poo(kion)=1 g

1
4 )
1
4

g
Pooriony=1 9" 9™ Q2 (PO +6" =) =00 (7 +i — kD), 65
Poo(eimoy=1 9" g™ (2045 —E0)1°
— 2=+ =6),s (66)
Pookimn) =1 9" 9™ ((PO+E™ =) (70467 —10)
=@ =250 =)), (67)
Po;(0000)=0, (68)
Pojo0on)= igoogn0(00(1n+no —52)=90(25°-9)), (69)
Pojcoomoy=1 9°°9™° (25— )0 — (mo_i_%m_%(l))go% (70)
Po;(00mn)=0, (71)
Pm(ozoo)—i 910900(80 ({0“‘;0_(]})_90?0), (72)

Posoony=4 g0 QO+ )00 4110,

Pojoimoy=1% ¢' ng((QBno_g?)(gO+§0_gl)
=0+ =0,

Poj(otmn)=3% Qlogmn((%no_gr?)({n"‘é‘n_#)
—(OH" =N GO =),

P (k000)=0,

Pojckoomy =1 99" 0(20(]TL+"0 19— ?0(]5"-1-20—7]20)),
Pojkomoy=1 9"°g™° ((km0+§m_fr?)?o
7(T0+g)mizr?)20)7

Poj(komn) =0,
Foj(kiooy= 49k1900(00(]0+10 - =000 +2=6"),
Pojikiony=1 9" g0 Q" +r—ih =0 (fr+in k),
Pojtkimoy=1 9" g™ (O +§m — ﬁ?)({oﬂo—%l)
==+ =6),
Poj(kimmy =1 9 g™ ((PO+Em—k0) (" +ln—i])
—(OH = =),
P;0(0000)=PF50(000n) =Li0(00m0)=Pio(00mn) =0,
P;0(0100y="Pio(010n) =LFi0(01m0) =Pi0(0tmn) =0,

Pio(r000)= 49k0900((w+k0 600 =90,

PiO(k:OOn):Z g gno((}c()‘i»?()i%)k)(?go*%o)
6 =0,
Piokomoy=1 9" 9™ (G +Fm ="
7(6m+m07i0)20)
K3 m )
PiO(kOmn):% gkogmn((zm+fm_i§)(2go_go)
— @+ ==,
kIQOO((ZO+kO zk)?O 00(k0+lo kl))
MmO+ =) (O +E )
=)
Piokimoy=3 9" g™ ((im+Fm— ﬁ)?o
( m mO )( lO kl))
PiO(klmn):% gklgmn((zm+km )(n0+ )
—(@" =) D),
0
Pij(0000)=7 (9°°)*(9°9°— (10‘*‘] —)8%),
1909 +70—0)
00 i
(=) =),
P;j00m0)y=1% gm0+ =m) %
_(i‘m_i_]_‘m_ij)gO)
J % m ’
Pyoomn)=4 9”09 (770 =8+ —4)
_(i‘m_i_j_'m (2n0 00))

0 il 0
p”(OZOO)_iglOQOO(OO(] +lo ah— (10+J 61)?0)’

Y

Pio(ki00)=3 9

1
4
Pio(kion)=1% 9

Pi;000n)=

(73)



PlJ(OIOH)_49 gnO(OO(Jn+ln ]l)
—(H =)+ D)),
Pjomoy=1 909 (G +70 =) (1°+0 =3')
=G0,
P;j(oimn) =1 gzogmn((am_i_?bo_?z‘g)({n_%n_%l)
—(m =D EOHT=D),
P, (k000)=7% gkogoo((204_?0_614)?0_(;’_0_1_{0_31)20),
Pij(kOOn):igkogno((io"‘ko_ik)(jn"‘no_jo)
—(+H = E =R,
Pjkomo)=1 9"9™ (" +i" =105
(=R,

(100)

(101)
(102)

(103)

(104)

Patvomm =4 909 (=) 350 30)

—( "= R0,
: gklg00((10+k0 zk)(]0+l0 Jl)

—(FH =) +H=ED),
Pijeiony=1 99" ((+=F) (" + =3

—(PH =G+ =),
1989 (G = ir’i)(JOJrlO )

—( =D+ =6),
Pijimmy =1 9" g (" +1™ — ’k)({ § —1)
—(G =R )

P’Lj (kl00)=

Pijkimoy=

(105)

(106)

(107)

(108)

(109)



