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This article shows how to derive the field equations for three new kinds of gravitons.

Starting

from the Einstein equation Gag = (87K /c*)Tag, an outline of the derivation is: first, find and prove
that the highest-order independent pure time derivatives of g, that appear in the Einstein tensor
Gap are the 10 partial derivatives 9o goo, 9o g10, 90 920, O g3o, 830 gii, 830 g22, 830 g33, 830 go1, 330 g31,

and 8020932.
Einstein equation for those derivatives.

Second, prove that the Einstein tensor is linear in those derivatives. Third, solve the
Finally, set the coordinate system to absolute space and

time, which converts the partial derivatives into total derivatives, yielding the field equations for a
scalar, a vector, and a matrix graviton. These new gravitons are important because they may be
able to explain phenomena ranging from two-slit diffraction, to parity violation, to the Heisenberg
uncertainty principle, to dark energy, to dark matter, and to the periodic table of the particles.

Introduction. This article shows how to derive the field
equations for three new kinds of gravitons. These new
gravitons are important because they may be able to
explain phenomena ranging from two-slit diffraction, to
parity violation, to the Heisenberg uncertainty principle,
to dark energy, to dark matter, and to the periodic table
of the particles[1].

The main result of this article is the set of ordinary
differential field equations for the new scalar, vector, and
matrix gravitons:

dg dw d2s

—5 = i, g = Wi, ——3 = S, 1

da® ~ 7 a0 d(z0)2 (1)
where ¥ = ct; g;, wi, and S; are the mass/interaction

terms; and the fields g, w, and S correspond to blocks of
the symmetric metric tensor g,

g w1 w2 w3
wy St S21 Sa1
wy Sa1 Saz Sso
w3 S31 S32 S33

goo gio 920 930
gio0 911 g21 931
920 921 g22 g32
g30 931 932 g33

g wi
2% @
The equations for g and w go as d/dt, so they are diffusive
or Schrédinger-like. The equation for S goes as d?/dt?,
so it is wavelike or Klein-Gordon-like.

A Maxima file is available to check the derivation[2].
The derivation starts from the Einstein equation[3]:

Gap = (87K /") Tas. (3)

Guv =

Outline of the eight steps in the derivation.

e (Steps 1-2) Find and prove that the highest-order
independent pure (HIP) time (i.e. 2°) derivatives
of g, that appear in the Einstein tensor G.g are
the 10 partial derivatives

Oogoo, 9ogio, Oog20, Oogso, 5309117 4)
5309227 5309337 5809217 3309317 330932~
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e (Step 3) Prove that the Einstein tensor is linear in
those derivatives.

e (Steps 4-7) Solve the Einstein equation for those
derivatives.

e (Step 8) Set the coordinate system to absolute
space and time, which converts the partial deriva-
tives into total derivatives, yielding the graviton
field equations (1).

Step 1: separate 15t and 279 derivatives. To prove
later theorems by inspection instead of by index gym-
nastics, transform the Einstein tensor G5 to remove the
derivatives of the inverse metric ¢g*¥, and to separate the
15t and 274 derivatives of g,,. The Einstein tensor in
terms of the Ricci tensor R, and Ricci scalar R is

Gag = Rag — %gagR. (5)
Expand the Ricci scalar R = g"" R,
Gap = Rap — 5 Japg"" Ryuv- (6)

The Ricci tensor in terms of Christoffel symbols of the
27d kind T o 18

R.3 = 67Fzﬂ =00, + s, — FZWFgw. (7)
ry 5 and its derivative with respect to x in terms of the

inverse metric g*¥ and Christoffel symbols of the 15 kind

[a8, 0], are

75 =g"[a, 4], (8)

Dy r”ﬁ =9" 0, [, 8] + (05 97°) [, 3. (9)

(17), change

To make it easier to later simplify (15) to
f (9) from § to e:

the dummy index in the second term o

+(0:97) [aB, €. (10)

The derivative of the inverse metric d,¢”¢ in terms of
derivatives of the metric is[4]

0,175 = ¢7°0, [aB. 4]

059" = —g"° g™ gse- (11)



Plug (11) into (10) to eliminate the derivatives of the
inverse metric:

05T = 90, [af, 8] — g7’ g% (0 gsw) [B,€].  (12)

[af, 6] and its derivative with respect to z7 are

959as) (13)

[Oéﬁ ] % (669(15 + aagﬁé
=3 (305 Jas + 024,985 — 02 gaB) - (14)

0 |3, 0]

Plug (12) and (8) into (7), picking the dummy indices
judiciously:
Rag = (97°0y[aB,0] — 979 (9, 950) [, €]
~ (97°051a7,0] — 97° g (95 gsu) [y, €])
+96”[04576}9”5[’7w75] — g%[a, €9’ [Bw, 0] (15)
=97° (9,[aB. 8] — 9s[a, 9])
+9"°9* (lav, e (~[Bw, 0] + Dp gs..)
= [aB, e (=[w, 8] + 0y gs) ) (16)
=97° (9,[aB. 8] = ds[a, 9])

+97°9% (la, €[86,w] = [aB, d[yd,w]) . (17)

Let:

Qaﬁ(vé) = g’yé <67 [af, 0] — of; [ay,4]) (18)
PaB(’y(Sew) = g'y§g€w ([Oé")/, 6] [Béa w] - [aﬂa 6] [767 CU]) . (19)
In the subscripts of Qup(ys) and Pyg(ysew), the dummy
indices are inside the parentheses. The free indices pre-
cede the parenthesis. Q,g(ys) contains only 2nd deriva-
tives, and P,g(ysew) contains only 1% derivatives. Plug

(18) and (19) into (17) to explicitly separate the 15¢ and
284 derivatives in R,g:

Raﬁ = Qaﬁ(’y&) + Paﬁ(’yéew)' (20)

Plug (20) into (6) to explicitly separate the 15¢ and 2"
derivatives in Gog:

Gap = Qap(ys) —
+ Pap(yoew) —

%gaﬁgquyu('yé)
%gaﬁg“uPMu('y&ew)' (21>

Step 2: find and prove HIP time derivatives. To
find the HIP time derivatives of g,, in Gap (4) using (21),
divide each of the ranges 0 < «, 3,7, 9, €,w < 3 into two
subranges: 0 and 1 < 4,5, k,l,m,n < 3. Dividing each
range into two subranges expands Q,g(s) into 24 = 16
terms, and expands P,g(ys5e0) into 26 = 64 terms. The
expanded terms of Q,p(ys) and Pyg(ysew) are tabulated
in Appendix A and Appendix B.

Theorem 1: The HIP time derivatives of g,, in Gup
are (4).

Proof: By inspection, Qqo( kl) (for example) contains
the 2°4 derivatives 93y g ' 5, but no term of Qup(ys)

contains any of the 2°¢ derivatives 93)g,0 %' b 19 There-

. . . 0
fore, the HIP time derivatives of g,o are dpguo < 4
because for example, Pyo(rio0) contains dogoo 4 §° and

Poo(kimo) contains do gpmo 2 0. QED

Step 3: prove linearity.

Theorem 2: G is linear in the HIP time derivatives
(4).

Proof: By inspection, G (21) is linear in Qap(ys),
and all of the terms of Q,p(,s) are linear in all of the ond
derivatives, so Gy is linear in all of the 2" derivatives in
(4). Also by inspection, Gop (21) is linear in P,g(ysew)
and in all of the terms of P,3(,sc0) there is no case where
a derivative 0pguo & 6‘0 multiplies a derivative Jg g, %*
¥0 for u,v = 0,4,4,k,1,m,n, so Gap is linear in all of the
1St derivatives in (4). QED

Step 4: compress notation. Compress notation by
subsuming the constant in the Einstein equation (3) into
a scaled EMS tensor Uag:

Uap = (87K /c*)Top. (22)

The initial Einstein equation (3) becomes the scaled Ein-
stein equation:

Gop = Unp. (23)

Step 5: pack into 10-vectors. Pack the HIP time
derivatives (4), and the corresponding elements of G,g
(21) and U,p (22), into 10-vectors d, g, and u:

d=1[ dgoo Gogr0 ogao Oogso oo (24)
RBoge2 ogss 03ogar 0Bogst 93ngs2],
g=[ Goo G Gz Gz Gu (25)
G Gz Ga G Gy |,
u=[ Uy Uw U U Un (26)
Usa Uss  Un Ui U |'.

Step 6: solve the Einstein equation. In 10-vector
form, the scaled Einstein equation (23) becomes the vec-
tor Einstein equation:

g=u. (27)

From Step 3, g is linear in d. u will be discussed in
more detail in other work to appear, but to maximize the
generality of this derivation, allow that u is also linear
in d and has the same HIP time derivatives. From the
linearity of g and u in d, we can write g and u as

g = Md + m, (28)
u=Nd+n, (29)

where M and N are 10 x 10 matrices, and m and n are
10-vectors. Plug (28) and (29) into (27):

Md +m = Nd +n. (30)



Solve for d:
d=M-N)"(n—-m). (31)

Let i be the 10-vector of mass/interaction terms from
(31):

i=(M-N)"'(n—m). (32)
The solved Einstein equation (31) becomes
d=i (33)

Step 7: unpack 10-vectors. Unpack the 10-vectors d
(24) and i (32) into symmetric 4 x 4 matrices D and I,
then rename the elements to put them into block matrix
form:

[00g00 Oog10 Oog20 0oz
D dog10 Ogg11 930921 939
0o 920 630921 330922 630932
100930 030931 030932 030933
[ Oog  Oow1 Oowz Opws
_ 60101 880511 830321 830531
801112 830521 330522 630532
| Dows 0%y S31 03)Ss32 9%y Sas
aog 30WT
= 4
[aow 92,8 |’ (34)
[ip iy iy i3 gi Wi Wz, W3,
I— iy i i7 g _ Wiy, 511i 521i 531i
ip ir i5 ig wo; Sa1; Sz Sy,
Liz ig ig ig ws; Ssh 532; Sssi
T
_ |9 W
ey -
The solved Einstein equation (33) becomes
D=1 (36)

Equate corresponding blocks in D (34) and I (35) to get
the unpacked Einstein equations:
02,8 = S;. (37)

Oog =g, Ogw = wi,

The unpacked Einstein equations (37) are mathemati-
cally the same as the initial Einstein equation (3), but in
a different form.

Step 8: absolute space and time. Convert the partial
derivatives in (37) (and the partial derivatives implicit in
gi, Wi, and S;) into total derivatives. To do that, set the
coordinate system to absolute space and time:

2° = [ct, x,y,2]T. (38)

In absolute space and time the coordinates do not vary

with respect to each other:
dz7 1, ify =4,
dz? o,

if v £ 0. (39)

15¢ partial derivatives become 1%¢ total derivatives. To
see this, use the formula for total derivatives:

dguw _ Oguw dz°  dgu, da' g, dz® | gy, dz?
dze 920 dz@ Ozl dze = 022 dze  Ox3 dzo
09w
= 27 40
Do (40)
Similarly for 2°4 derivatives:
d2gﬂl’ _ idgﬂ” _ iagw
dxfdze  dzf dx>  dzP Oze
_ 829uu dixo azg;w dixl
9299z dzf T Oxlox daB
+ g da? = 0%, da?
0220z dz? = 0x30x> dzP
&G
=~ JHY 41
0zB 0z (41)

In absolute space and time, the unpacked Einstein equa-
tions (37) become the ordinary differential field equations
for the three new gravitons (1):

dg _ 0 dw _ d’s
- 917 - 15 d(xo)z

dz0
Appendix A: terms in the expansion of Q,g(+s)

=S (42)

Compressed notation:
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Appendix B: terms in the expansion of P,g(+sew)

Compressed notation:

89 ..
B aut Oygap & 8ng’ for general relativity, (57)
77 | dygap & ddgT‘*j, for the new gravitons.
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