How to derive the field equations for three new kinds of gravitons
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This article shows how to derive the field equations for three new kinds of gravitons.

Starting

from the Einstein equation Gag = (87K /c*)Tag, an outline of the derivation is: first, find and prove
that the highest-order independent pure time derivatives of g, that appear in the Einstein tensor
Gap are the 10 partial derivatives 9o goo, 9o g10, 90 920, O g3o, 830 gii, 830 g22, 830 g33, 830 go1, 330 g31,

and 8020932.
Einstein equation for those derivatives.

Second, prove that the Einstein tensor is linear in those derivatives. Third, solve the
Finally, set the coordinate system to absolute space and

time, which converts the partial derivatives into total derivatives, yielding the field equations for a
scalar, a vector, and a matrix graviton. These new gravitons are important because they may be
able to explain phenomena ranging from two-slit diffraction, to parity violation, to the Heisenberg
uncertainty principle, to dark energy, to dark matter, and to the periodic table of the particles.

Introduction. This article shows how to derive the field
equations for three new kinds of gravitons. These new
gravitons are important because they may be able to
explain phenomena ranging from two-slit diffraction, to
parity violation, to the Heisenberg uncertainty principle,
to dark energy, to dark matter, and to the periodic table
of the particles[1].

The main result of this article is the set of ordinary
differential field equations for the new scalar, vector, and
matrix gravitons:

1dg 1dw
Cdt = OJmint;

1 d%s

25 = Whnint, ?W = Smint, (1)
where gmint, Wmint, and Spint are the mass/interaction
terms; and the fields g, w, and S correspond to blocks of
the symmetric metric tensor g,
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The equations for g and w go as d/dt, so they are diffusive
or Schrodinger-like. The equation for S goes as d?/dt?,
so it is wavelike or Klein-Gordon-like.
A Maxima file is available to check the derivation[2].
The derivation starts from the Einstein equation[3]:

Gop = (87K /M) Top. (3)

Juv =

Outline of the eight steps in the derivation.

e (Steps 1-2) Find and prove that the highest-order
independent pure (HIP) time (i.e. x°) derivatives
of g, that appear in the Einstein tensor G,z are
the 10 partial derivatives

dogoo, ogi0, Oog20, Oogso, Ogpau1, 1)
8309227 3809337 5809217 5809317 530932
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e (Step 3) Prove that the Einstein tensor is linear in
those derivatives.

e (Steps 4-7) Solve the Einstein equation for those
derivatives.

e (Step 8) Set the coordinate system to absolute
space and time, which converts the partial deriva-
tives into total derivatives, yielding the graviton
field equations (1).

Step 1: separate 15t and 279 derivatives. To prove
later theorems by inspection instead of by index gym-
nastics, transform the Einstein tensor G5 to remove the
derivatives of the inverse metric ¢g*¥, and to separate the
15t and 274 derivatives of g,,. The Einstein tensor in
terms of the Ricci tensor R, and Ricci scalar R is

Gag = Rag — %gagR. (5)
Expand the Ricci scalar R = g"" R,
Gap = Rap — 5 Japg"" Ryuv- (6)

The Ricci tensor in terms of Christoffel symbols of the
27d kind T o 18

Rap = 0,17 5 — 05T, + 19,00, — T2 1% . (7)

ry 5 and its derivative with respect to x in terms of the

inverse metric g*¥ and Christoffel symbols of the 15 kind
[a8, 0], are

o5 =97 [0, 4], (8)
Dy r”ﬁ =9" 0, [, 8] + (05 97°) [, 3. (9)

to (17), change
(9) from 4 to e:

+(0:97) [aB, €. (10)

The derivative of the inverse metric d,¢”¢ in terms of
derivatives of the metric is[4]

To make it easier to later simplify (15)
the dummy index in the second term of

0,175 = ¢7°0, [aB. 4]

059" = —g"° g™ gse- (11)



Plug (11) into (10) to eliminate the derivatives of the
inverse metric:

05T = 90, [af, 8] — g7’ g% (0 gsw) [B,€].  (12)

[af, 6] and its derivative with respect to z7 are

959as) (13)

[Oéﬁ ] % (669(15 + aagﬁé
=3 (305 Jas + 024,985 — 02 gaB) - (14)

0 |3, 0]

Plug (12) and (8) into (7), picking the dummy indices
judiciously:
Rag = (97°0y[aB,0] — 979 (9, 950) [, €]
~ (97°051a7,0] — 97° g (95 gsu) [y, €])
+96”[04576}9”5[’7w75] — g%[a, €9’ [Bw, 0] (15)
=97° (9,[aB. 8] — 9s[a, 9])
+9"°9* (lav, e (~[Bw, 0] + Dp gs..)
= [aB, e (=[w, 8] + 0y gs) ) (16)
=97° (9,[aB. 8] = ds[a, 9])

+97°9% (la, €[86,w] = [aB, d[yd,w]) . (17)

Let:

Qaﬁ(vé) = g’yé <67 [af, 0] — of; [ay,4]) (18)
PaB(’y(Sew) = g'y§g€w ([Oé")/, 6] [Béa w] - [aﬂa 6] [767 CU]) . (19)
In the subscripts of Qup(ys) and Pyg(ysew), the dummy
indices are inside the parentheses. The free indices pre-
cede the parenthesis. Q,g(ys) contains only 2nd deriva-
tives, and P,g(ysew) contains only 1% derivatives. Plug

(18) and (19) into (17) to explicitly separate the 15¢ and
284 derivatives in R,g:

Raﬁ = Qaﬁ(’y&) + Paﬁ(’yéew)' (20)

Plug (20) into (6) to explicitly separate the 15¢ and 2"
derivatives in Gog:

Gap = Qap(ys) —
+ Pap(yoew) —

%gaﬁgquyu('yé)
%gaﬁg“uPMu('y&ew)' (21>

Step 2: find and prove HIP time derivatives. To
find the HIP time derivatives of g,, in Gap (4) using (21),
divide each of the ranges 0 < «, 3,7, 9, €,w < 3 into two
subranges: 0 and 1 < 4,5, k,l,m,n < 3. Dividing each
range into two subranges expands Q,g(s) into 24 = 16
terms, and expands P,g(ys5e0) into 26 = 64 terms. The
expanded terms of Q,p(ys) and Pyg(ysew) are tabulated
in Appendix A and Appendix B.

Theorem 1: The HIP time derivatives of g,, in Gup
are (4).

Proof: By inspection, Qqo( kl) (for example) contains
the 2°4 derivatives 93y g ' 5, but no term of Qup(ys)

contains any of the 2°¢ derivatives 93)g,0 %' b 19 There-

. . . 0
fore, the HIP time derivatives of g,o are dpguo < 4
because for example, Pyo(rio0) contains dogoo 4 §° and

Poo(kimo) contains do gpmo 2 0. QED

Step 3: prove linearity.

Theorem 2: G is linear in the HIP time derivatives
(4).

Proof: By inspection, G (21) is linear in Qap(ys),
and all of the terms of Q,p(,s) are linear in all of the ond
derivatives, so Gy is linear in all of the 2" derivatives in
(4). Also by inspection, Gop (21) is linear in P,g(ysew)
and in all of the terms of P,3(,sc0) there is no case where
a derivative 0pguo & 6‘0 multiplies a derivative Jg g, %*
¥0 for u,v = 0,4,4,k,1,m,n, so Gap is linear in all of the
1St derivatives in (4). QED

Step 4: compress notation. Compress notation by
subsuming the constant in the Einstein equation (3) into
a scaled EMS tensor Uag:

Unp = (87K /c*)T,p. (22)

The initial Einstein equation (3) becomes the scaled Ein-
stein equation:

Step 5: pack into 10-vectors. Pack the HIP time
derivatives (4), and the corresponding elements of Gqg
(21) and U,p (22), into 10-vectors d, g, and u:

=[ dogoo Bogro Gog20 ogso 93911 (24)
3(210922 3(2)0933 530921 3(210931 580932]T,
g=[ G G G Gz Gu

25

Gy Gsz Ga Gy Gap T, (25)

u=[ Uy Uw U U Un (26)
Uso Uss  Un Ui U |

The elements of the 10-vector d are not all in the same
units. The first four elements have units of 1/2°, but
the last six elements have units of 1/(2°)?. Normally
the elements of a vector are all in the same units, so the
usage here is nonstandard. However, the units correctly
propagate through each step in the following calculations
to culminate with correctly matching units in (33). One
way to see this is to do the same calculations using 2-
vectors and 2 x 2 matrices.

Step 6: solve the Einstein equation. In 10-vector
form, the scaled Einstein equation (23) becomes the vec-
tor Einstein equation:

g=u. (27)

From Step 3, g is linear in d. u will be discussed in
more detail in other work to appear, but to maximize the
generality of this derivation, allow that u is also linear



in d and has the same HIP time derivatives. From the
linearity of g and u in d, g and u can be written as

g = Md + m,
u = Nd + n,

where M and N are 10 x 10 matrices, and m and n are
10-vectors. Plug (28) and (29) into (27):
Md + m = Nd + n. (30)

Solve for d:
d=M-N)"(n—m). (31)

Let imint be the 10-vector of mass/interaction terms from
(31):

imint - (M - N)_l (1’1 - m) . (32)
The solved Einstein equation (31) becomes
d = inint- (33)

Step 7: unpack 10-vectors. Unpack the 10-vectors d
(24) and ipint (32) into symmetric 4 X 4 matrices D and
Ihing, then rename their elements to put them into block
matrix form:

dogoo Oogio Gogao Oogao
2 2 2
D— o 910 a00911 300921 800931
= 2 2 2
Jog20 50921 Ogog22 0o 932
2 2 2
100930 950931 950932 g 933
Oog Oowi Opwe Oows
2 2 2
o 80 w1 300 511 800 521 800 531
= 2 2 2
(90 wao 600 Sgl 600 522 (900 S32
2 2 2
_80 ws 300 531 300 532 800 533
| 0og OowT (34)
- 2 )
-iOmint ilmint i2[nint i31nint
i o odg 7 g
Loint = .1Irunt .4Irunt .7rn]nt .8rn1nt (35)
12mint 17mint 15mint lgmint
L131mint 18mint 19mint 16mint
gl’ﬂiﬂt wlmint wzmiut w?’mint
| Whiine STl S20imine S3Luine
W2ine 20 mine O22mine O32umine
L W30 93 Timine 932mine O33mine
. T
— Gmint W ining . (36)
Wmint Smint
The solved Einstein equation (33) becomes
D=1,.. (37)

Equate corresponding blocks in D (34) and Iin (36) to
get the unpacked Einstein equations:

60 9 = Ymint,

aOVV = Wmnint,

920S = Sumint-

(38)

The unpacked Einstein equations (38) are a different, but
mathematically equivalent, form of the initial Einstein
equation (3), subject to the allowance made for u in Step
6.

Step 8: absolute space and time. Convert the partial
derivatives in (38) (and the partial derivatives implicit in
Omint; Wmint, and Sping) into total derivatives. To do
that, set the coordinate system to absolute space and
time:

2° = [ct, x,y,2]T. (39)

In absolute space and time the coordinates do not vary
with respect to each other:

a7 [,
dazd o,

15¢ partial derivatives become 1%¢ total derivatives. To
see this, use the formula for total derivatives:

if y=29,

if v £ 4. (40)

Y _ 09 d2° | 09y dz’ | Oguy da® | Oguy da®
dze 920 dz@ Ozl dze 022 dze  Ox3 dzo
89;”/
- . 41
Do (41)
Similarly for 2" derivatives:
g d dgw _ d Ogu
defdze  daf dz®  dzP Oxe
09, dz° = 0%gu, da’
T 9299z dzB T 9xloxe dxb
+ 829uu d7$2 82guu dixg
0220z dxP ~ Ox30zxe dzP
0* G
= — 42
0P oxe (42)

Substitute total derivatives for the partial derivatives in
(38), and substitute 2° = ct from (39), to convert the
unpacked Einstein equations (38) into the ordinary dif-
ferential field equations for the three new gravitons (1):

1
c? dt?

1dw
c dt

1dg

— 77 = Smint- (4
cdt e (43)

= Gmint; = Wmnint,
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Appendix A: terms in the expansion of Q,5(+s)

Compressed notation:

2
2 det 97 gap -
0B aut 035908 L B0, 5 for general relativity,
78 = dot _4°gap

for the new gravitons.
(44)

2
d»y(;gaﬁ = dzdxzs?



Qoo(00) = Qoo(or) = Qoo(ko) =0,
Qoockry = 3 9™ (G — % — 60 +60)
Qoj(00) = 0,

Qojon = 5 9° @b =37 — o+ 905
Qoj(koy = 0,

Qojoty = 3 9" (D — %1 — G+ 5,
Qio(00) = Qiocory = 0,

Qio(ko) = %gko(oo - 699 - k(‘) + 6’6)7
Qiogky = 3 97 (% =9 — 6L+ 5,
Qij(OO) égOO(J? _ 6]0 00 + 7,())
Qison = 3 9 — a1 lO +30),
Qo) = 5.9%°( — G — ’?Q +55),

2
jl B
Qi = 39" (G — kl + 5.

(45)
(46)
(47)
(48)
(49)
(50)
(51)
(52)
(53)
(54)
(55)
(56)
(57)

Appendix B: terms in the expansion of P,g(+se.)

Compressed notation:

e 3ga s
0B aut {&,gag def 228 - for general relativity,

= d
Y d"/ga def gaﬂ

ot o, for the new gravitons.
S

Poo(0000)=Po0(000n) =Po0(00m0)=0,
Poo(00mn)=Poo(0100)=Foo(o10n) =0,

Poo(01m0)=F00(01mn) =Poo(k000)=0,

3 gkOgnO(OO(QnO_OO)_00(kn+n0_§l0))’
Pookomoy=17 99" ((70+5"—3)8° = (260 —)0),
POO(kOmn) =0,

Poo(koon)=

(0000 00(k0+l0 kl))

)

Poogriooy=7 9" ¢°
Poogkiony=1 9" 9" R (FO+6" =) =00+ =),
Pootkimoy=7 9" 9™ (7046 —12)70

—(25 =)+ =6")s
Poo(ktmm)=1 9" 9™ (FO4+6™ —w0) (704 —10)

—(" =)@ =),

Po;(0000)=0,

Pojc00on) =3 9° gnO(OO(Jn+nO 30— ?0(230_910))’
Pojoomoy=7% 9°°g™ ((2?0*93)?0*(T0+6m*¥3)80)a
Poj(00mn)=0,

Poj(0100)= %gZOgOO(OO(JO+l0 o —0090)

Pojoton)=1 zogn0(00(1n+ln =20+ =),

POj(Olmo):i g gmo(@gm_(r)r?)({o‘*‘éo _gl)
==,

Poj(otmn) =3 glogmn(@gbo_gg)({n‘*‘é"—g)

—(OH" ) ),

~ Y~ Y~ Y~~~
S O O O O
=W N = O

D D O — T T

Py (k000)=0,

POj(kOOn):%g gn0(00(1n+n0 JO) OO(kn+n0 ’]’CLO))’
Pojkomoy=7 97090 (704 —K0)90

R )
Boj(komn)=0,
Po;‘(moo) 4gkl900(00(10_|_l0 Jl) OO(k0+lo kl))’
Poj(kion)=7% 9 gn0(00(3n+ln =P +r=h),
Pojkimoy=1 9" 9™ (70 +6™— fr?)({o"‘é‘o_%l)
—(HT =D+ =6),
Pojtkimny=1 9" g™ ((PO0+§m— ﬁ?)({n"‘é‘n_ﬁ)
—(POR NG ),

Pi0(0000)=F50(000n) =Li0(00m0) =Lio(00mn) =0,

'LO(Ol()O)_ zO(OlOn) zO(OlmO)_ zO(Olmn) =0,
k0 00 ((i0_4 kO __ik\00 __0000
Pio(koo0)= 49 GG+ =0)0 =i k)

Piogroon =1 9"°9"((+5° ) (26°~5)
_?O(Sn_i_zo_io))’
Pioromoy="1 gF0gmO((m+m —ik)30
=@+ =),
Piokomn) =1 9709 (G +5m =ik (25°—50)
—((m 47O +RO—R0)),

Piogriooy=7 99" (2 +7° =)0 =" (F°+=6"),
lO(klOn)—4 gklgnO(GCO_'_icO_%k)(?O_FIOTL_%))

7QO(kn+lnile)),

Pio(kimo)=1 gklgmo((””-i-km ;’j)?o
Pio(klmn):% gklgmn((lm_'_k?m )(n0+ln lO)
)
00)2(0000 (7,0+j ‘7)80)7

Pm(oooo) % (9
1
1

gOOgnO(OO(J”+nO jO)

(040 (250-20)),

P

(T,
Pyj0omn)=7 9°°9™ (5™ +7"0— 22)(]”+”0 19)
(TR,
0 jl j0
Pij(OlOO) 7glogOO(OO(J +l0 J ) (7,0 z 6]) O)7
sz(OlOn)—4 glOgnO(OO(Jn+ln Jl)
0
~(H= =),
. . . 1
Pijomoy=1 99 (G + =) (1°+°—3)

~(m =P,

Pi;000n)=

1 gO[)ng((zm+mO 20

Pz] (00m0)= m



Pijoimny=1 99" (§"+ =) "+ =)

D), (102)
Putsonn =49/ (2417 §90- (P42, (109
Pijkoon)=1% g0 g™ (0450~ (" +70—1°)

—(OHO-F)E0-R), (104)
Pjkomoy=1 99 (G +1m—1%)3°

==, (105)

Pijkommy=1 909 (" +5m—8) G +7°—30)

—(m "= =), (106)
Pzg(kloo) 4gklg00((zo+k0 zk)(30+lo _]l)

—(+" =)+ -6, (107)
Pijeiony=1 99" ((+=F) (" + =3

—GPH =) =), (108)
Pyjamo)=1 9™ 9" (I +Fm =) O+ =5)

—(m =) R =), (109)
Pijkimny =1 9" g™ (" 5"~ ifi)(? +ir— Zf)

—(rH =R A=) (110)
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